Let G be a connected Lie group and Aut (G) be the group of all (continuous) automorphisms of G. When does the action of Aut (G) on G have a dense orbit? It turns out that if this holds then G is a nilpotent Lie group; (see [4] ). However it does not hold for all nilpotent Lie groups, and a characterization of the class of groups for which it holds seems to be a remote possibility. When G is a vector space then Aut (G) is its general linear group, and the action has an open dense orbit, namely the complement of the zero. On the other hand there exist 3-step simply connected nilpotent Lie groups such that every orbit of the action is a proper closed subset; this holds for the simply connected Lie group corresponding to the Lie algebra described in [8] ; see also § 4 below. Among the simply connected groups this brings us to considering the question for 2-step nilpotent Lie groups. In this note we construct an example of a 2-step simply connected nilpotent Lie group G for which the action of the automorphism group has no dense orbits; see Theorem 2.1.
We discuss the question also for Lie groups which are not simply connected, and show that while for all connected abelian groups other than the circle the automorphism group action has dense orbits, among the quotients of the group G as above by discrete central subgroups there are nilpotent Lie groups G ′ such that every orbit of Aut (G ′ ) on G ′ consists of either one or two cosets of the commutator subgroup [G ′ , G ′ ], the latter being a closed subgroup; see Corollary 5.2. The method involved also enables us to give an example of a 3-step simply connected Lie group whose automorphism group is nilpotent (its action on the Lie algebra is by unipotent transformations); see § 4; the condition implies in particular that all orbits of its action on G are closed. An example of a 6-step simply connected nilpotent Lie group with this property was given earlier in [9] .
Another motivation for studying the automorphism groups of nilpotent Lie groups comes from the question of understanding which compact nilmanifolds support Anosov diffeomorphisms and which do not. It is known that if G is a free k-step nilpotent Lie group over a n-dimensional vector space V with k < n, then
Lie algebras and Lie groups
We recall that a Lie algebra G is said to be nilpotent if the central series {G i } defined by G 0 = G and G i+1 = [G, G i ] for all i ≥ 0, terminates, namely there exists k ≥ 1 such that G k = 0; if k is the smallest integer for which this holds then G is said to be k-step nilpotent. We say that a connected Lie group G is a k-step nilpotent Lie group if the Lie algebra of G is a k-step nilpotent Lie algebra.
For a Lie group G we shall denote by Aut (G) the group of all continuous automorphisms of G, and similarly for a Lie algebra G we denote by Aut (G) the group of all Lie automorphisms of G.
Let G be a connected nilpotent Lie group. Let G (1) = [G, G] and Z(G) denote the center of G. Suppose that Z(G) is contained in G (1) ; this condition holds for the nilpotent groups discussed in the following sections. Then for any (continuous) homomorphism ψ : G/G (1) → Z(G) the map τ : G → G defined by τ (g) = gψ(gG (1) ) for all g ∈ G is an automorphism of G; we shall call an automorphism arising in this way a shear automorphism. The class of shear automorphisms forms a normal subgroup of Aut (G). Every automorphism τ of G factors to an automorphism of G/G
(1) ; we denote the factor of τ on G/G (1) by τ . Clearly τ → τ is a homomorphism of Aut (G) into Aut (G/G (1) ). We denote by A(G) the image of the homomorphism, namely,
We note that for all shear automorphisms as well as all inner automorphisms of G the factor on G/G (1) is trivial. Suppose now that G is a simply connected nilpotent Lie group and let G be the Lie algebra of G. Then Proof: It can be seen that the largest τ -invariant subspace, say G 0 , of G on which the restriction of τ is unipotent (namely the generalized eigenspace for 1 as the eigenvalue) is a Lie subalgebra of G. Since τ is unipotent G 0 + [G, G] = G. Substituting from the equation for G on the left hand side successively and using that G is nilpotent we deduce that G 0 = G. Therefore τ is unipotent.
Now let V be a (finite dimensional) vector space and let W be a subspace of ∧ 2 V , the second exterior power of V . We can associate to these canonically a 2-step nilpotent Lie group as follows. Let
and [x, y] = 0 for all x ∈ G and y ∈ V ′ . These relations extend uniquely to a Lie bracket operation on G. Furthermore G is a 2-step nilpotent Lie algebra, with G/[G, G] = V . Conversely every 2-step nilpotent Lie algebra G can be realised as a Lie algebra associated to a datum as above, with V = G/[G, G], and W a suitable subspace of ∧ 2 V . Let G be the simply connected Lie group corresponding to the Lie algebra G associated to a pair V, W as above. Then G/[G, G] may be realised canonically as V ; this identifies the subgroup A(G) with a subgroup of GL(V ). It is easy to see that x ∈ GL(V ) is of the form τ for some τ ∈ Aut (G) if and only if the subspace W of ∧ 2 V is invariant under the action induced by x on ∧ 2 V . It follows in particular that A(G) is an algebraic subgroup of GL(V ).
We note also the following: Proof: Let G be the Lie algebra of G. Then Aut (G) is an algebraic subgroup of GL(G) and this implies that the orbits of its action on G are open in their closures (see [2] ). Since G is simply connected and nilpotent the exponential map is a diffeomorphism of G to G and it is equivariant under the actions of the respective automorphism groups. Therefore for the action of Aut (G) on G also every orbit is open in its closure. The second assertion is immediate from the first. The last assertion follows from the fact that the A(G)-action on V is a factor of the Aut (G)-action on G.
A representation
In this section we describe a construction of a representation and prove some properties. The results will be used in the later sections to give examples of nilpotent Lie algebras.
Let S be the vector space of 3 × 3 symmetric matrices with real entries. For each k, l = 1, 2, 3 we denote by E kl the 3 × 3 matrix in which the (k, l)-entry (in the kth row and lth column) is 1 and all other entries are 0. Let V be the subspace of S defined by
Let σ 1 , . . . , σ 5 be the elements defined as follows, forming a basis of V :
, and σ 5 = 2E 33 .
Let W be the subspace of ∧ 2 V spanned by the three elements
Let δ, ν + and ν − be the matrices defined by The space spanned by the three matrices is a Lie subalgebra of the Lie algebra of 3 × 3 matrices of trace 0, namely the Lie algebra of SL(3, IR). We denote the Lie subalgebra by H. We note that it is isomorphic to the Lie algebra of SL(2, IR), with δ, ν + and ν − corresponding to the standard basis of the latter; in particular the subspace spanned by δ is a Cartan subalgebra. Let H be the connected Lie subgroup of SL(3, IR) corresponding to H. Consider the action of H on IR 3 given by restriction of the natural action of SL(3, IR) on IR 3 . We see that there is no proper nonzero subspace on IR 3 invariant under both exp ν + and exp ν − . It follows therefore that the action of H on IR 3 is irreducible. Since H contains an element, viz exp δ, with distinct eigenvalues this implies that every element of the center of H acts by scalar multiplication by real numbers, and considering the determinant we see that it must be trivial. Thus H has trivial center. This shows that H is Lie isomorphic to P SL(2, IR), the adjoint group of SL(2, IR).
Consider the action of SL(3, IR) on S given by (x, σ) → xσx t for all x ∈ SL(3, IR) and σ ∈ S, where x t denotes the transpose of x. It is straightforward to verify that the subspace V is invariant under the action of H (obtained by restriction); it suffices to verify that V is invariant under the corresponding action of the Lie algebra, given by (ξ, σ) → ξσ + σξ t , for all ξ ∈ H and σ ∈ Σ, and furthermore it is enough to consider ξ = δ, ν + and ν − . The elements σ 1 , . . . , σ 5 are weight vectors with respect to δ with weights 4, 2, 0, −2 and −4 respectively, and the latter being distinct shows that the representation of H over V is irreducible. We shall realize H as a subgroup of GL(V ) by identifying each h in H with its action on V (this is indeed an injective correspondence). We denote by D the one-parameter subgroup of GL(V ) corresponding to the one-parameter subgroup {exp tδ | t ∈ IR}. We note that for any nontrivial element of D, σ 1 , . . . , σ 5 are eigenvectors with distinct eigenvalues, and hence the centralise of D in GL(V ) consists of diagonal matrices with respect to the basis σ 1 , . . . , σ 5 .
Let A be the subgroup of consisting of all x in GL(V ) such that W is invariant under the action induced by x on ∧ 2 V . A straightforward computation shows that H (viewed as a subgroup of GL(V )) is contained in A. We note that A is an algebraic subgroup of GL(V ). Let A u be the unipotent radical of A, namely the largest normal subgroup consisting of unipotent elements. Then the set of common fixed points of the action of A u on V is a nonzero subspace invariant under H, and since the H-action on V is irreducible it follows that A u fixes all points of V , which means that A u is trivial. Therefore A is reductive. Proof: Let A 0 be the connected component of the identity in A and let S = [A 0 , A 0 ], the commutator subgroup. As A 0 is reductive it follows that S is a semisimple subgroup of GL(V ); (see [10] , [14] ). Since H is a simple Lie subgroup of A 0 it follows that it is contained in S. We shall show that S = H. Firstly let C be the maximal compact connected normal subgroup of S. Since S is semisimple, there exists a closed connected normal subgroup S ′ such that S = S ′ C and S ′ ∩ C is a finite subgroup contained in the center of S; both S ′ and C being connected subgroups this implies in particular that every element of S ′ commutes with every element of C. Since H is a noncompact connected simple Lie group it has no nontrivial homomorphism into a compact Lie group. Applying this to the quotient homomorphism of S onto S/S ′ = C/(C ∩ S ′ ) we conclude that H is contained in S ′ . Therefore C is contained in the centralizer of D. Since the centralizer is diagonalizable and C is a compact connected subgroup it follows that C is trivial. Thus S has no compact normal subgroups of positive dimension. Now recall that the subspace W of ∧ 2 V is invariant under the action of A and in particular that of S, and let ϕ : S → GL(W ) be the representation of S induced by the action. Let K be the connected component of the identity in the kernel of ϕ. Then K is a connected normal subgroup of S. Let A be a maximal subgroup of S such that D is contained in it and its adjoint action on the Lie algebra of S is diagonalisable over IR. Then A intersects (by Aswan decomposition) any noncompact connected normal subgroup nontrivially, and since S has no compact normal subgroups it follows that A ∩ K is nontrivial, unless K is trivial. Let α ∈ A ∩ K. Then α commutes with all elements of D, and hence σ 1 , . . . , σ 5 are eigenvectors of α; let λ 1 , . . . , λ 5 be the corresponding eigenvalues. Since α ∈ K the action induced by α on W is trivial. This means that the vectors σ 1 ∧ σ 4 − σ 2 ∧ σ 3 , σ 1 ∧ σ 5 − σ 2 ∧ σ 4 and σ 2 ∧ σ 5 − σ 3 ∧ σ 4 are all fixed under the action of α. Each σ i ∧ σ j is an eigenvector of the action of α on ∧ 2 V and hence the three vectors as above being fixed implies that the vectors
and σ 3 ∧σ 4 are fixed individually. Therefore for the eigenvalues we get the relations
Since α is diagonalizable this shows that α is the identity. Thus A ∩ K is trivial and hence, as noted above, K is trivial. Therefore the kernel of ϕ is discrete.
Clearly ϕ(S) is a connected semisimple Lie subgroup of GL(W ) containing ϕ(H). Since W is 3-dimensional this implies that ϕ(S) is either ϕ(H) or SL(W ); (inspection of the weights for the action of ϕ(D) on the Lie algebra of SL(W ), via the adjoint representation of SL(W ), shows that the ϕ(H)-action has only two irreducible components, one of them being the Lie subalgebra of ϕ(H) itself; this means that there is not even a subspace invariant under the ϕ(H)-action lying strictly between the Lie algebras of ϕ(H) and SL(W ), which in particular implies the assertion here; the assertion can also be proved in other ways). Since ϕ has discrete kernel this shows that the Lie algebra of S is isomorphic to that of either H or SL(3, IR). We note that the Lie algebra of SL(3, IR) has no irreducible 5-dimensional representation; this can be deduced from the corresponding statement over the field of complex numbers, the latter being easy to see from the classification theory of representations of semisimple Lie algebras; see [13] . Recall that the Haction on V is irreducible. Since S contains H, its action on V is irreducible, and since V is 5-dimensional the preceding observation implies that the Lie algebra of S can not be isomorphic to that of SL(3, IR). Therefore from the alternatives above we now get that S is locally isomorphic to H. Since S is connected and H is a subgroup of S this implies that S = H.
Since
, in particular H is normal in A. Now let α ∈ A be arbitrary and consider the automorphism of H induced by the conjugation action of α. Since H is Lie isomorphic to P SL(2, IR) every automorphism of H is inner. Hence there exists h 0 ∈ H such that αhα 0 α ∈ Z in the notation as in the hypothesis. Then α ∈ HZ = ZH, and since α ∈ A was arbitrary we get that A is contained in ZH. On the other hand H and Z are contained in A and therefore we have A = ZH. This proves the first assertion in the theorem. The second assertion follows from the fact that ZH is 4-dimensional while V is 5-dimensional.
We note also the following simple fact about representations of P SL(2, IR): Lemma 2.2. Let ρ : P SL(2, IR) → GL(Q) be a representation of P SL(2, IR) over a IR-vector space Q of dimension n ≥ 5, such that no nonzero point of Q is fixed by the image of ρ. Let E be the set of points p in Q such that p is an eigenvector of ρ(g) for some nontrivial g ∈ P SL(2, IR). Then E is a union of countably many smooth submanifolds of dimension at most (n + 4)/2. In particular if L is a subspace of Q of dimension m > (n+4)/2 and λ is the Lebesgue measure on L then λ(E ∩L) = 0.
Proof:
For any h ∈ H let E(h) denote the set of points in L which are eigenvectors of ρ(h). Then E(h) is a union of finitely many vector subspaces of L; we shall denote by d(h) the maximum of the dimension of the subspaces contained in E(h). Now consider any nontrivial element h in H. We can find a conjugate h ′ of h such that the subgroup generated by h and h ′ is dense in H = P SL(2, IR). Then every point of E(h) ∩ E(h ′ ) is an eigenvector of all elements of ρ(H), and since the latter is a simple Lie group the points must be fixed by ρ(H). The condition in the hypothesis therefore implies that E(h) ∩ E(h ′ ) = 0. Since h and h ′ are conjugates d(h) = d(h ′ ) and hence the preceding conclusion implies that d(h) ≤ n/2. Now let p ∈ E and h ∈ H be such that p is an eigenvector of ρ(h). Suppose first that h is of infinite order. There exists t ∈ IR and g ∈ H such that ghg −1 is one of d t , u t or k t . Then ρ(g)(p) is an eigenvector of d t , u t or k t . This implies that it is an eigenvector of one of the elements d 1 , u 1 or k 1 respectively; in respect of the last alternative note that since k t is of infinite order the closure of the cyclic subgroup generated by it contains k 1 . Thus there exists x ∈ R such that ρ(g)(p) ∈ E(x), and so p ∈ ρ(H)E(x). Now suppose that h as above is of finite order. Then h is conjugate to k r for some r of the form 2π/m for a positive integer m. Therefore in this case also we get that ρ(g)(p) ∈ E(x) for some x ∈ R. Thus E = ∪ x∈R ρ(H)(E(x)). Each E(x) is a finite union of vector subspaces which are invariant under a one-parameter subgroup of H and have dimension at most n/2. It follows that each ρ(H)(E(x)) is a finite union smooth submanifolds of dimension at most (n/2) + 2 = (n + 4)/2. This proves the Lemma.
In respect of the conclusion as in the lemma the situation in low dimensions is as follows. For dimensions 2 and 4 there are no representations of P SL(2, IR) with no nonzero common fixed points. In dimension 3 the realization of H (as above) as a subgroup of SL(3, IR) is (up to equivalence) the only representation with no common fixed points. For this representation the set of points which are eigenvectors of nontrivial elements form a cone in IR 3 with nonempty interior.
A 2-step nilpotent Lie group
We now use Theorem 2.1 to give an example of a simply connected 2-step nilpotent Lie group G such that the action of Aut (G) on G has no dense orbit. Let V and W ⊂ ∧ 2 V be as in the preceding section and let G be the 2-step nilpotent Lie algebra associated with the pair V , W as in Using Theorem 2.1 one can also describe Aut (G) as follows. To each h ∈ H corresponds a Lie automorphism of G such that the restrictions to V and V ′ = (∧ 2 V )/W are respectively given by the h-action on V and the factor of the haction on ∧ 2 V . We denote byH the group of automorphisms of G for which the associated Lie automorphism corresponds to some h ∈ H as above. Theñ H is a Lie subgroup of Aut (G), canonically Lie isomorphic H. Similarly each z ∈ Z corresponds canonically to an automorphism of G, and we shall denote bỹ Z the subgroup of Aut (G) corresponding to Z. Also let Ψ be the group of shear automorphisms of G (see § 1).
Corollary 3.2. Aut (G) = (ZH)Ψ, semidirect product (with Ψ as the normal subgroup).
Proof: We note that (ZH)Ψ is a subgroup of Aut (G). Now consider the homomorphism τ → τ of Aut (G) into GL(V ). It is easy to see that its kernel is Ψ, and its image is A which by Theorem 2.1 is ZH. As the subgroup (ZH)Ψ of Aut (G) contains Ψ, and its image under the homomorphism as above is ZH, this shows that it must be the whole. Since the map τ → τ is injective onZH it follows that (ZH) ∩ Ψ is trivial. This proves the corollary.
Remark 3.3. The action of H on ∧ 2 V (notation as before) decomposes into two irreducible components, one being on the subspace W as above and another on the subspace, say W ′ , spanned by the H-orbit of σ 1 ∧ σ 2 ; this can be deduced by inspection of the set of weights. Let G ′ be the 2-step nilpotent Lie algebra associated to the pair V and W ′ , as described in § 1. Then with some modifications in the above argument it can be shown that Aut (G ′ ) has no open orbit on G ′ ; in this respect we note mainly that W is also invariant, along with W ′ , under the action of A(G ′ ) on ∧ 2 V . This yields an 8-dimensional example (as against 12 of G) for which the automorphism group action has no dense orbit. The example as in Theorem 2.1 on the other hand admits a simpler presentation.
Lie groups with nilpotent automorphism groups
An example of a 6-step simply connected nilpotent Lie group such that Aut (G) is nilpotent was given in [9] . Earlier in [8] an example of a 3-step nilpotent Lie algebra G was constructed for which all derivations are nilpotent; the condition implies that Aut (G) 0 , the connected component of the identity in Aut (G), consists of unipotent elements (viewed as elements in GL(G)), and hence is a nilpotent Lie group; Aut (G) itself is however not nilpotent for that example, as has been remarked in [9] . In this section we shall describe a class of examples of simply connected 3-step nilpotent Lie groups, related to the results in the preceding sections, for which the all automorphisms are unipotent, and the automorphism groups are nilpotent. The following implication of this to orbits of the automorphism group action may be borne in mind.
Remark 4.1. Let G be a nilpotent Lie algebra such that Aut (G) 0 consists of unipotent elements. Then Aut (G) 0 is a unipotent algebraic subgroup of GL(G) and hence all its orbits on G are closed (see [10] ). Since Aut (G) is an algebraic group it has only finitely many connected components and hence we get furthermore that all orbits of Aut (G) on G are closed. As the Aut (G)-action on G and the Aut (G)-action on G are topologically equivalent (via the exponential map) it follows that all orbits of Aut (G) on G are closed. Thus in this case we have a situation stronger than the orbits not being dense, that was obtained in § 3.
We note also the following, which shows that the 3-step condition in the above assertions is optimal.
Remark 4.2. Let G be a 2-step simply connected nilpotent Lie group. Then for the action of Aut (G) on G the closure of every orbit contains the identity element; in particular orbits other than that of the identity element are not closed; (in this case the automorphism group, or even its connected component of the identity, does not consist entirely of unipotent elements (viewed as automorphisms of the Lie algebra). The assertion is immediate from the fact that all scalar transformations of V = G/[G, G] belong to A(G); this shows that the closure of every orbit of Aut (G) on G, where G is the Lie algebra of G, contains the zero element of G; this is equivalent to the statement as above.
We now proceed to describe the 3-step nilpotent Lie algebras. We shall follow the notation as in § 2. For 1 ≤ i < j ≤ 5 let p ij = σ i ∧ σ j mod (W ). We note that exists (a nonzero element) p ∈ L which is not an eigenvector of the action of any nontrivial element of H (under the H-action on V ′ ). Now we set N = V ⊕ V ′ and we define a Lie bracket operation by the relations (1, 2) ; the product defined on the basis elements extends uniquely to a Lie bracket operation on N as above; we note in particular that by definition [σ i , [σ j , σ k ]] = 0 if i, j and k are distinct indices, from which one can see that the Jacobi identity holds for the product. Furthermore, since p is contained in the subspace L as above it follows that p is contained in the center of N . Since p spans [N , [N , N ]] this shows that N is a 3-step nilpotent Lie algebra. Let N be the simply connected (nilpotent) Lie group corresponding to N . We prove the following:
Corollary 4.3. The subgroup A(N) consists only of the identity element. In particular Aut (N) consists of unipotent elements, when realised (canonically) as a subgroup of GL(N ).
Proof: Let τ ∈ Aut (N ). Then τ factors to a linear transformation x = τ ∈ GL(V ). Since [σ i , σ j ] = σ i ∧ σ j (mod W ) for all i, j = 1, . . . , 5, it follows that the action of x on ∧ 2 V leaves invariant the subspace W . Hence by Theorem 2.1 x ∈ ZH. Let z ∈ Z and h ∈ H be such that x = zh. Since the subspace spanned by p equals [N , [N , N ]] it is invariant under all automorphisms of N . Thus p is an eigenvector of x (for the action on V ′ ). Since the elements of Z act as scalars on V ′ , it follows that p is an eigenvector of h. Since by choice p is not an eigenvector of any nontrivial element of H, we get that h is trivial. Thus τ = x = z, a scalar transformation, say multiplication by λ. Then the action of τ on V ′ is given by multiplication by λ
Since p is a nonzero element this implies that λ = 1. This means that z is trivial, and therefore τ is trivial. Thus τ is trivial for all τ ∈ Aut (N ). This shows that A(N) is trivial. The second assertion follows from this, together with Lemma 1.1. Thus proves the corollary.
We deduce also the following, showing that under a slight further condition the automorphism group is 'minimum possible'. 
It suffices to show that δ ′ belongs to the Lie subalgebra of Ψ, namely that δ ′ (N ) is contained in L. Changing notation we shall assume that 
Non-simply connected Lie groups
In this section we shall discuss the analogous questions for Lie groups which are not necessarily simply connected. We begin with the following observation. Proof: It is well known that for m ≥ 2 the m-dimensional torus admits automorphisms with dense orbits (see [15] for instance). Now let G = V × C, where V is a vector space of dimension n ≥ 1, C is the torus of dimension m ≥ 0. Let H be the set of all continuous homomorphisms of V into C. For each τ ∈ GL(V ) and ψ ∈ H we get a continuous automorphism of G defined by (v, c) → (τ (v), cψ(v)) for all v ∈ V and c ∈ C. The automorphisms arising in this way form a subgroup of Aut (G) (it is in fact the identity component of the latter). We recall that there exist homomorphisms ψ : V → C such that ψ(V ) is dense in C. Using this it is straightforward to verify that under the action of the group of automorphisms as above the orbit of any element of the form (v, c) with v = 0 is dense in G. In particular the Aut (G)-action on G has dense orbits. Finally, the circle group has only two automorphisms and hence in this case the Aut (G)-action has no dense orbit. This proves the proposition.
For Lie groups G of the form IR n ×T T m with m = 1 there exist abelian subgroups of Aut (G), with finite rank, whose action on G has dense orbits; see [5] for more precise results in this respect.
In the context of the results in the last section and Proposition 5.1 one may ask whether there exist connected 2-step nilpotent Lie groups G such that all orbits of the Aut (G)-action on G are closed. By Remark 4.2 such a group is necessarily nonsimply connected. The following corollary shows that there are groups with this property among quotients of the group G as in § 3, by discrete central subgroups. 
Proof: LetH be the group of automorphisms as in § 3 and consider theH-action on [G, G] . Recall that the latter may be viewed as a vector space and that the action is irreducible; in particular there is no nonzero point fixed by the whole ofH. SinceH is Lie isomorphic to P SL(2, IR) and [G, G] is 7-dimensional, by Lemma 2.2 there exists a subset E of Lebesgue measure 0 such that points outside E are not eigenvectors of any nontrivial element ofH. Now let θ ∈ [G, G], θ / ∈ E and Θ be the cyclic subgroup generated by θ; since [G, G] is central in G, Θ is a normal subgroup. Let G ′ = G/Θ. Since Θ is discrete, the automorphisms of G ′ are precisely factors on G ′ of automorphisms τ of G such that τ (Θ) = Θ. We note that the shear automorphisms, namely those from Ψ in the notation as in § 3, satisfy the condition. Therefore by Corollary 3.2 Aut (G ′ ) is the semidirect product of Ψ with the subgroup {τ ∈ZH | τ (Θ) = Θ}. Now let τ = zh ∈ZH, where z ∈Z and h ∈H, be such that τ (Θ) = Θ. Since z acts by scalar multiplication on [G, G], this implies that θ is an eigenvector of h. Since θ / ∈ E it follows that h is the identity element. Hence τ = z ∈Z, and since τ (Θ) = Θ it follows that the corresponding scalar transformation of V = G/[G, G] is ±I, where I denotes the identity transformation. This implies the first assertion in the Corollary. The second one follows from this together with the fact that automorphisms from Ψ factor to G ′ .
Anosov automorphisms
As mentioned in the introduction study of the automorphism group can be applied also to the general question of understanding the class of compact nilmanifolds supporting Anosov automorphisms; see [1] , [3] , [6] . In this respect we note the following consequence of Theorem 2.1. Proof: We follow the notation as before. By Theorem 2.1 τ ∈ ZH, and furthermore if its determinant is 1 then τ ∈ H. The first assertion therefore follows from the fact that for the H-action on V every element of h has a nonzero fixed point in V ; for hyperbolic elements this follows from consideration of weights, for parabolic elements by unipotence, and for elliptic elements by odd-dimensionality of V (analogous assertion holds for any irreducible representation of H on an odd-dimensional vector space). If Γ is a lattice in G then [G, G]Γ is closed and [G, G]Γ/[G, G] is a lattice in V = G/[G, G]; see [12] . Therefore for any τ ∈ Aut (G) such that τ (Γ) = Γ, τ has determinant ±1. Hence by the first part τ 2 has nonzero fixed points in V . This implies that the factor of τ on G/Γ is not an Anosov automorphism, and also that it is not ergodic. This proves the Corollary.
Compact nilmanifolds covered by the 3-step simply connected nilpotent Lie group G as in § 4 also do not support Anosov automorphisms; this is immediate from the fact that there are no hyperbolic automorphisms, as [G, [G, G] ] is onedimensional.
